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Verified numerical computation for elliptic eiganvalue problems
and its applications

Kaori Nagatou

Graduate School of Mathematics, Kyushu University
Fukuoka 812-8581, Japan

1 Introduction

Several numerical methods have been proposed to verify the exact eigenvalues for infi-
nite dimensional eigenvalue problems, and in particular the eigenvalues of elliptic operators
(¢f.[2],[15, 16]). In [2], the method is presented to find the upper and lower bounds for eigen-
values by using some test functions, the Rayleigh-Ritz method and the Temple quotient. In
[15, 16], given problems are connected with a simple problem, whose explicit eigenvalues are
known, by using homotopy method. In this paper, we give a technique that is different from
these method. This method is based on the verification method appearing in [25], which is
a realization, including uniqueness, of the method studied in [9-14] applicable to nonlinear
elliptic boundary value problems.

In Section 2 we apply the numerical method described in [25] to our eigenvalue problems.
Using this method we can confirm local uniqueness of eigenpairs (i.e. pairs of eigenvalues
and corresponding eigenfunctions) in a certain set. In the last part of that section, we
also confirm the local uniqueness separately of eigenvalues and eigenfunctions as well as the
simplicity of the eigenvalues.

In section 3 we describe a method to exclude eigenvalues in order to obtain some informations
about index. By this method we can separate the simple eigenvalues and we can also obtain
the bound for the Eigenvalue with Smallest Absolute Value (ESAV). This bound plays an
important role for rigorous estimates of the norm of the linearized operator of some nonlinear
differential equations, which is described in Section 4 in detail.

In Section 5 several numerical examples are presented.



2 FEnclosing method for eigenvalues with uniqueness
property

In this section, we consider a numerical technique to verify the exact eigenvalues and eigen-
functions of second-order elliptic operators in some neighborhood of their approximations.
This technique is based on [25] using the Krawcezyk-like operator and the error estimates for
the CY finite element solution. We numerically construct a set containing solutions which
satisfies the hypothesis of Banach’s fixed point theorem for compact map on a certain Sobolev
space.

2.1 Problem and the fixed point formulation

In what follows, let 2 be a bounded convex domain in RB? and for some integer m, let H™(Q)
denote the L?-Sobolev space of order m on Q. Then, define H}(Q) = {v € H'(Q) | v =
0 on 90} with the inner product < w,v >p= (Vu, V)2 for u,v € HJ(2), and the norm
[ullgr = [|[Vullzz for u € HJ (), where (-, -)z2 and || - ||z represent the inner product and
the norm on L2(12), respectively.

Now, let S, be a finite dimensional subspace of Hj()) that depends on h (0 < h < 1).
Usually, Sj is taken to be a finite element subspace with mesh size h. Also, let Py
H} () — S}, denote the H}-projection defined by

(V(u— Puou),Vop)2 =0 for all v, € 9),.

We now assume the following approximation property in .5j,.

Assumption 1. For any u € H*(Q) N H (),

inf Jlu— x|y < Cibfulg, (2.1)
YESH 1
where
2 2 2
: a U
2 N
Ulg: = : .
| | /[.-,]‘z_:l 0:[:1:017'7' 12

Here, () is a positive, numerically determined constant which is independent of .

The following lemma is well known [3].



Lemma 1. For any ¢ in L*(Q), there exists a unique solution ¢ € H*(Q)N H () of the
following Poisson equation:

Ao = 1 inQ,
{ Ao v oan €, (2.2)

¢ = 0 on ON.
Furthermore, there exists a positive constant Cy satisfying
0]z < Cofld]| e, (2.3)

In particular, if € is a convex polygonal domain, we can set Cy =1 ([3]).

We consider the self-adjoint eigenvalue problem

{ —Au+qu = Alu in (), (2.4)

u = 0 on 09,

where ¢ € L™(2). Since we wish to enclose eigenpairs of this problem, we consider the space
H} () x R and define the inner product < -, >y and the norm | - ||Hr} « R DY

<wi,wr >y p= (Vur, Vi) e + A A,

‘ 9y 1
ol r = (Nl + 1M%)2,

respectively, where w; = (u;, ;) € Hy(Q) X R (i = 1,2) and w = (u,\) € Hy(Q) X R.
Moreover, let Iy and I be the identity map on H}(2) and H}(2) X R, respectively.

We first normalize the problem (2.4) as

find (@, \) € Hy(Q) x R s.t.

_Ai+(g=Ni = 0,
/a%zx -1 (2.5)
JQ

We then define the projection P, : H}(Q) x R — Sj x R by

Py(u, ) = (Phou, A).



Now, let @), = (i, \y) € Si, X R be a finite element solution of (2.5); that is,
(Vin, Vop)rz = (A, — q@)ap,vp)2 for all v, € 5y,
~92 . _
u, de =

(2.6)

We used the interval library PROFIL to enclose this solution in very small intervals (cf. [4]
and Section 5).

We will verify the existence of eigenvalues and eigenfunctions for (2.5) in a neighborhood of
(u, \y) satisfying

—Ali+ (g =Ny, = 0 inQ, )
{ o = 0 on 0. (2.7)

Note that u € H*(Q)N H3(Q)), and @), = Ph,(ﬂjh). We then have, by (2.5) and (2.7),

“A@—u) = (A—q)i— (N~ q)iin.

Wwdr = 1.
Ja

(2.8)

Defining vy = u — 7y, we see that v; € S;-, where S;- represents the orthogonal complement
of Sy, in HL(), and we can write

U= 1up + vy for uy, € 5, and vy € S,f.

It is known that the a posteriori estimates are, in general, much better than the a prior
estimates, provided that the higher order base functions in S), are utilized (see [24] for
details). Therefore, we use a posteriori estimates for vy as below.

Let S; € H'(Q2) be a finite element subspace whose basis consists of the union of the basis on
Sy, and the base functions having nonzero values on the boundary 9€2. Define Vi, € Sr xSy,
a vector function in two dimension, by the L%projection of Vi, € L*(Q) x L*(Q) to S; x S;.
Then, define Aty € LQ(SZ) by Aty = V - Vii,. We then obtain the following estimation
(cf.[24]):

ollgy < NV = V| + Coh|| Ay, + (A — @),

where Cy = C,C,. Note that in this estimation we used the L’-estimate of v;:



[or]fz2 < Cl)hHU]H”(}a
which is obtained by using the well-known Aubin-Nitsche trick (e.g. [3]).

Now, in order to verify solutions (@, A) of (2.5) near (u, Ay,), writing

G=a4i, N=A 4

we can rewrite (2.8) as

—Ai = (A= Q@+ g+ 1) — (A — @),
/(ﬁ +ap +vy)ide = 1.
Q

Thus using the following compact map on Hy(Q) x R
F(a,)) = ((—A)l{(Xh FXh— T+ T+ ) = O = )in}
A+ / (@ + Gy, + v1)* d — 1), (2.9)
)

where (—=A)7! is the solution operator for the Poisson equation with homogeneous boundary
conditions, we have the fixed point equation

w = F(w) (2.10)

for w = (u, \).

2.2 Verification conditions

We now make the following assumption.

Assumption 2. Set p = (—v;,0) and define F'(p) as the Fréchet derivative of I at p.
Assume that the restriction to S, x R of the operator Py[I — F'(p)] : H}(Q) x R — S, x R
has the inverse

[I—F'(p),' :S, x R — Sy x R.

The validity of this assumption can be numerically checked in actual computations.

Now, as in [13, 14], we decompose (2.10) into finite and infinite dimensional parts:

5)



{ Pow = PyF(w), (2.11)

(I —Py)w = (I— Pp)F(w).

We use a Newton-like method only for the finite dimensional part, represented by the first
equation in (2.11). First, we define the Newton-like operator

Ny(w) = Pyw — [I — F'(p)], H(Pyw — P, F(w)).
We next define the operator T : Hj(2) x R — H(2) X R as

T(w) = Np(w)+ (I — Py)F(w). (2.12)
Then T becomes a compact map on HJ(2) x R, and the relation

w=T(w) <= w=F(w) (2.13)

holds.

Now, an arbitrary element w € H& (©) x R can be uniquely written as
w = (vy, 1) + (v1,0), (v, 1) €S, x R, (v1,0) € S;- x {01, (2.14)

with

M

Uh = Z Vi ®j
J=1

\M

where M = dim 5, {@7};‘/‘;1 is a basis of Sy, (v, i

the following notation:

a real vector. For w in (2.14) we use

(w); = |y, i=1,.,M,
(W = ol
(W2 = |l

We intend to find a fixed point to (2.10) in a set W, referred to as a ‘candidate set’. Given
a vector (Wi, ..., Wy o)t such that W; > 0 (i = 1,..., M + 2), its candidate set T is defined
by



W={weH/(Q)xR|(w); <W; (i=1,..,M+2)}. (2.15)

Now let T be the Fréchet derivative of 1. By the method described below we choose two
vectors (Y1, ..., Yy0) Y, >0 (=1, , M+2)and (Zy, ..., Zy0), Z; >0 (i =1, ..., M + 2)
such that

(T'(w)ws); < Ziyyi=1,..,M+2, forany wy,wy € W. (2.17)

The verification condition is described in the following theorem.

Theorem 1. If a candidate set W defined by (2.15) satisfies

Yi+Z, <W, (i=1,...M+2), (2.18)
then there exists a fived point of T in

K={we HQ)xR| (), <Yi+Z (i=1,..,M+2)}. (2.19)

Moreover, this fized point is unique within the set W .

In order to prove this theorem, we derive two preliminary lemmas.

w by

Defining the norm || - |

|x|lw = mas (x): € Hy(Q) x R, (2.20)

X p
I<i<M+2 W, '~

we have the following lemma.

Lemma 2. For cach v € H} () x R,

i

max .
1<i<M+2 W,

sup | T (w)x||w <

weW

||$||W-

Proof.

Since W includes a ball centered at 0 and T"(w) is linear for x € H}(92) x R,

T (w)——

sup [|T"(w)x||w = |lz[lw sup —
. b % weW ||THH/

we we

W

7



w, we see that m € W and this implies

holds. Then, by the definition of || - |

xT

Z;

T (w < max —.
1<i<M+2 W,

sup
weW

ellw |y

This proves the lemma. |

Lemma 3. For any wy,wy € W,

T (wy) —T(ws)|lw < sup ||T(swy + (1 — s)ws)(wy — ws)||w- (2.21)
s€[0,1]

Proof.
Defining

T(s)=T(swy + (1 — s)ws),

apply the mean value theorem to obtain the desired conclusion. |

With these two lemmas, we can now prove Theorem 1. As usual, we define the image J(1)
of an arbitrary operator J and arbitrary set V' as

JV)y={J(v)|v e V}.

Proof of Theorem 1.

We first prove that T(W) C W. By (2.17) and Lemma 3,

(T(w) —T(0)); < sup (T"(sw)w); < Z; forallwe W

5€[0,1]

holds. Hence, we have

(T(w)); (T0)); + (T(w) = T(0));
Yi+ Z;
Wi,

VAN VAN VAN

from which we obtain

T(w)eW.



This implies
T(W)cCW.
We next prove that, for some 0 < k < 1,

1T (wz) = T(wn)|

w < k”?ﬂg — W ||\w, for all wy, Wy € W.

Since W is convex, by Lemmas 2 and 3 we have

1T (w2) = T(wn)|

wo < Sl[lp} [T (sw2 + (1 = s)wi)(ws — wi)|lw
s€[0,1

< sup [T (w3)(ws — wy)||w
wy €W

7
max
1<i<ar+2 Wi

Thus, Y; >0 (i =1,..,M + 2) and (2.18) imply

IA

Hu’z - UHHW

Z.  Z+Yi . |
< h<1(i=1,. M4+2)
W, S T, S k<=L M)

Therefore, applying Banach’s fixed point theorem to 7', the theorem is proved. |

2.3 Algorithm in a computer

In what follows, we describe the procedure to choose vectors (Y1,...,Yy10), Y, > 0 (i =
Lo M +2), and (Zy, ..., Zya0)', Z; > 0 (i = 1,..., M + 2), satisfying (2.16) and (2.17),
respectively.

As usual, we define the absolute value of any interval A as
|A| = max |al.
a€A

Since

T(0) = Nu(0)+(I—=Py)F(0)
= —[[ = F'(p);' (=P F(0)) + (I = Py)F(0)
[] - FI(/})]II P/tF(O) + (I - P/L)F(O)

holds, for Y7, ..., Yy, and Yj;40 we first determine the interval vector (f’, -~ SN"M, SN"MJFQ)t sat-
isfying



M
PT(0)=[I — F'(p)], ' PoF(0) C (Z ?;qu,?mz) : (2.22)

Jj=1
It is then sufficient to set

V=Y (i=1,..M M+2). (2.23)

To determine the interval vector (?’17 ...,Y’M,?M_l_g)’ satisfying (2.22), we consider the set
Y C S, x R such that

Yy = {;1/ €Sy xR|foralli=1,...M +1,
< [[ - Fl(/))]hyv P, >H(1,><1~i:< PhF<0)7 P, >H(}><H}a (2'24)
where [I — F'(p)], represents the restriction to S), X R of the operator P,[I — F'(p)] and we
have used the basis ®1,..., @y 1 of S X R given by ®; = (¢;,0) (i1 = 1,.... M), 1 = (0,1).
Clearly, Y coincides with P,T(0). In the actual computation, as shown helow, we can obtain

the interval hull of Y (denoted by ) by solving the linear system of equations in (2.24).
Then (171, s }A’M, i}]\/[+2)t can be determined as

M » ’ ‘
(Z Y;0; ,YM+2) = . (2.25)
j=1

Observe that for ®; (1 <i < M) and y = (E;il Y;j®; . Yarso), we have

<[I = F'(p)lhy, ®i >y xn

— ii‘/j /Q(V(/)j Vb + GO — M) d — yaryo /Q o du,
. (2.26)
and for @41,
M
<[ = F'(p)hy: Prrs >pixr= _2,/9 ﬁh;yj<bj dux. (2.27)

Moreover, for ®;, 1 <1 < M,



< PyF(0),®; > p= /Q(X,,‘ A (2.28)
and for @744,

< PuF(0), ® g1 >y 5= ./Q(U;Z + ) dar. (2.29)
Now, in order to obtain the set | Y| we define the (M41)x (M+1) matrix G = (g )1<ij<m+1

by

gi; = (Vor., Vo) + (e, qo5) — Mo, 6;) (1<i.j < M),

gisirr = —(Up, ;) (1 <1< M), (2.30)
gusry = =2, 0) (1<) < M),
gus+i,m+1 = 0,
and the interval vector v = ([—r;, 7:]) 2! by

(i=1,.., M),

= X — )1 ’7'(1‘,/
7 ’/Q( h— QU1 dx

_ 2 ~
Fyal = ‘/Q(?Jl + 24y,v1) da

Here, G is invertible by Assumption 2. Then, the interval vector (Y7, ..., Yy, Yii0)" in (2.25)
are determined by

(Nr], ...,?M, Nr]\/[_|_2)t = G*'r. (231)

We can estimate Y, by using the following inequality

[(1 — Ph)T(O)Hng «xw = |(I- Ph)F(O)Hnng
(T = Pao){(=A)"" (A = @i Hl
< Gl = @)oo,

which is derived from Assumption 1 and Lemma 1; that is we can set

Y = Coh'H(Xh - (J)@']

Lo (2.32)

11



Next, we choose a vector (Z1, ..., Zyr40)" satisfying (2.17).
Since

T'(wi)we = Nj(wy)we + (I — Py)F (wy)ws
= [I—F'(p), ' Pu(F'(w))ws — F'(p)Pyws) + (I — Py)F'(wy )ws

holds, for Zy, ..., Zy and Zy;.o we first determine the interval vector (Zh s 2t ZM+2)‘ for
all wy,ws € W satisfying

BT (w)ws = [I—F'(p)];, Pu(F'(wi)wy — F'(p)Prws)

M
C (Z Zj@jaZM+2> ) (233)

J=1

and then set

Zi=\Z] (i=1,..,M,M+2). (2.34)

To determine the interval vector (Z,..., Zus ZM+2)‘ satisfying (2.33), we consider the set
Z C Sy, x R such that

Z = {z € Sp X R | there exist wy,ws € W such that, foralli =1,.... M + 1,
< [[ - FI(/)H/Lqu)i >H(1)><R
= < Py(F'(wi)wy — F'(p)Prws), ®; >H§xR}- (2.35)

In analogy to our treatment of ), we can obtain the interval hull of Z (denoted by @ ) by
solving the linear system of equations in (2.35) using the interval right-hand side, as we now
do.

Observe that for ®; (1 <i < M) and for all wy,wy € W, we have

< Py(F'(wy)ws — F'(p)Prws), ®; > 1% R

= /Q(Xh — ){(Ly — Pro)us}o; do + /Q()\'l Us + Ao(uy + v1))o; du,

and for @4,
< Dp(F'(wi)ws — F'(p) Prws), @arsa > HIXR

12



= 2/(/(1/1 + vy )ug d + 2/ (Lo — Pho)usg du, (2.37)
Q Q

where we have written w; = (u;, \;),u; € H}(Q),\; € R (i = 1,2).

Therefore, in order to obtain the set | Z |, we use the matrix G' determined by (2.30) and the
interval vector r = ([—ry, ri])LF! for which

r, = sup
(uj, A )EW (j=1,2)

/Q(Xh — ){(o — Pro)us} ¢ da

?

+ /Q()\]UQ + No(uy + v1)); dx

M1 = Sup
(uj,A)EW (j=1,2)

2 / (uy + vy )uy do + 2 / Un(Iy — Pho)us dx
Q Jo

Then we set
(Zy. o Zag. Zpgi0)' = G ' (2.38)

We can also estimate Zy; 1 by using the inequality

(I = P)T (wi)wallgyxr = (1 = Po)F'(wi)ws gy g
< Cth(Xh + M — @Quo 4+ No(uy + vy + p)|| 12;

N

that is, we can set

Iy = sup Cohl|(Mn 4 M1 — @)y + No(uy +v1 4 1) || 1.
(’LLi,Ai)GM/ (iZLZ)

(2.39)

Now, we describe an algorithm for finding a vector (Wi, .., Wiy 11, Wi o) which satisfies the
verification condition (2.18). Since (Z,)jﬁ]"‘ depends on W, we write Z; as Z;(W). We use
the following iteration method.

Algorithm.

1. Fix a maximuin iteration number.

2. Find a vector (Y1, ..., Yyr.0)" satisfying (2.16).

3.8t W, <Y, (t=1,.... M + 2).

4. Find a vector (Z;(W), ..., Zy12(W))" satistying (2.17).

13



5. Check the verification condition (2.18);
Yi+ Z,(W)<W; (i=1,..,M+2).
If the condition is satisfied. then the verification has succeeded.
If not, set

W, — (1+68)(Y;+2Z) (i=1,...,M+2), (2.40)

where 6 (0 < 6 < 1) represents an inflation parameter (cf. [19],[23] etc.), increase the
iteration number by 1, and return to step 4.

6. If the maximum iteration number is exceeded without (2.18) being satisfied, the
verification has failed.

Now assume that a set W satisfying the hypothesis in Theorem 1 exists. We define
Ui=W;,(i=1,.,.M+1), N\g=Wyrio

and set

U = {ueHy(Q) | (u); <U; (i=1,....,M+1)}, (2.41)
A = {NeR||N <A, (2.42)
where
(u); = |ui, i=1,..,M,
(Wt = Nurlmy,
with
M M
U= Z uj; 4+ uy, Z ujp; € Sy, ul € S,f.
=1 =1

Then we have W = U x A.

By Theorem 1 we are able to confirm the local uniqueness of an eigenpairin U x A. But this
does not imply directly that the eigenvalue is unique in A, because there may exist another
eigenvalue in A corresponding to an eigenfunction in a set U’ which is different from U.

We therefore must show the local uniqueness individually for each eigenvalue and eigenfunc-
tion in A and U, respectively.

14



2.4 Uniqueness of the enclosed eigenvalue

Let U, A and W be the sets defined at the end of the previous subsection. Our aim in this
subsection is to prove the uniqueness of an eigenvalue in A and of an eigenfunction in U
separately. We denote the operator T : Hj(Q) x R — H(Q2) x R defined by (2.12) as

T(u, ) = (Th(u, A), To(u, A)), (2.43)
where T} and T, are operators such that

Ty : Hy(Q) x R — Hy(9), (2.44)

Ty: Hy(Q) x R — R. (2.45)
For a fixed A € A, define

palu) = Th(u, A). (2.46)

Because of the compactness of T, py is also a compact map on Hj(2). If (2.18) holds, then
we have

pa(u) € int(U)  for all u € U. (2.47)

Now, for v € Hj({2), we write

M
v = Z Vo + v,

=1

where ¥, v;é; € Sy, vy € Si, and define the norm || - || by

. v
v||y = max { ‘max v | LHHJ } : (2.48)
j

=1oM U7 Uppy

We then have the following lemma.

Lemma 4. There exists a fixed point of py in U for each N\ € A, and this fixed point is
unique in U. Moreover, when we denote this fixed point as uy, the equality



/(’u,,\ +u)rdr =1 (2.49)
)

holds.
Proof.

In the proof of Theorem 1, we proved that, for some 0 < £k < 1,
| T (ws) — T(wy)||w < Eljws — wq]|w, for all wy,ws € W.
Hence, for any wy = (uy, A), we = (us, A) in W, we have
1T (w2, A) = Tur, Ml < El[(uz, A) = (ur, A)lw
By definition, it follows that
| T (g, A) — T(uy, N)||w

= |(paluz), To(ua, ) — (palur), To(ur, N))|lw

« , To(us, N) — To(uy, A
= maX{HpA(’UQ)—PA(UI)HU»| otz ),\ e )|},
430

and that
[[(ua, A) = (ur, Mllw = [[(u2 — w1, 0)[[w = [lug — willo.
Hence, for all uy,us € U and for the above k, we have

lpalus) — palu)||o < k|lug — uglr. (2.50)

By (2.47) and (2.50), we can use Banach’s fixed point theorem for py. Thus the first part of
the lemma is proved.

Denoting the above fixed point as u), we next prove
—\2 L
/(uA +u) dr = 1.
Jo

16



Noting the action of the finite dimensional part of the operator T', we see that

(PhoTi(u, N), To(u, N)) = (Pyou, \)
—[I = F'(p));, "4 Py(u, \) — Py F(u,\)}

for (u,\) € H}(Q) x R. Then, making use of the relation py(u) = Ti(u, \) we can rewrite
the above equality as

Pu(u,\) — PyF(u, A) = [I — F'(p)]n(Pro(u — pa(w)), A — To(u, \)).

Comparing the second components on each side of this equality, we have
-1+ / (u+ /17,)2 dr = 2/ U Pho(u — pa(u)) du.
Q 0

In the case u = uy, we have uy — py(uy) = 0, which proves the second part of the lemma. |

Now, we obtain the following lemma, which is needed in the proof of the local uniqueness of
eigenvalues.

Lemma 5. Assume that (2.18) in Theorem 1 holds and let (u* — u, \* — \p,) be a fized point

of T (i.e. (u*,\°) be an eigenpair for (2.5)). If X* — A\, € A, then either uw* —u € U or
* Pt T ‘

—u* —u € U holds.

Proof.

Since there exists a fixed point of p,, 5

we write this fixed point as v and define v* by v* = v 4+ 4. In what follows we assume that
ut #£ ot

in U and this fixed point is unique in it by Lemma 4,

J ‘ d(,/ —/ d‘, — I

holds by Lemma 4, defining

K= /u*w* dx,
Ja

we have

< flu ool e =1

|k| = ‘/ uw ™ dr
Q




by Schwarz’ inequality. Equality here holds only in the case «* = £v*. Hence our assumption
u* # +o* implies |k| # 1.

Now, for each t € R we define
g(t) = E(H)u™ + n(t)v”, (2.51)

where the functions £(t) and n(t) are defined by

() 1 cost n sint () 1 cost sint
= — .n(t — — )
‘ V2 \V1+r V1—& X V2 \V1i+r V1—k

Then we obtain

lg()l[z2 =1

by a straightforward calculation. Moreover, we can prove that g(f) — @ is a fixed point of
Pr_3, for all t € R through some simple calculations. In particular, we have

=)

g(t)) = v, fort, =sin~ (—

Since g(t) is continuous in ¢ and not constant around #;, and since the fixed point of Py 3,
exists in the interior of U by (2.47), there exists a real number t* # ¢; sufficiently close to ¢
satisfying
g(t") —u# v and g(t") —u € U.
This contradicts the uniqueness of the fixed point of Pre_3, in U. Consequently,
w=v"oru* = —v",
which implies
w—uelUor —u" —uel.
Moreover, if both u*—u € U and —u*—u € U hold, then both «* and —u* are eigenfunctions
corresponding to the eigenvalue \* and satisty [o,(«*)? dv = [o(—u™)? dow = 1. Therefore, both
(v" —u,\" = A\p) and (—u™ — u, \" — \;) are fixed points of T"in U x A. Hence Theorem 1

leads us to u* = —u”*, and therefore v* = 0. This is a contradiction. Thus we find that
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v-—unel= —u"—u¢U.
In a similar manner, we can also show that
—uw—unelU=u"—ug¢l.

Therefore the lemma is proved. Jj

We next prove two additional lemmas, which are needed in the proof of the local uniqueness
of eigenfunctions.

For a fixed v € U, define

Pu(A) = To(u, ), (2.

DN
Ot
\}
A

where T5 is the same as in (2.43). Then (2.18) yields
pu(A) € int(A)  forall A € A. (2.53)

We have the following lemma.

Lemma 6. There exists a fived point of p, in A for each u € U, and this fixed point is
unique 1m A.

Proof.

In the proof of Theorem 1 we proved that, for some 0 < k£ < 1,

1T (w2) = T(w:)|

w < k”?ﬂg — W ||\w, for all wy, Wy € W.

Therefore, for any w; = (u, A1), ws = (u, \y) in W we have

17, 2o) = T )l < k]

(1, Az) = (u, M)l

Observe that, by definition, we have

' ~ U Ao) — u’)\ ‘
T As) — T Ay = maX{HT](u,/\Q) Ty )y, 22 2) . ( '”}
Ag

and
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A2 — A

| (w0, A2) — (u, M) |lw = A

Hence for all A, Ay € A and for the above k, we have

1Pu(X2) = pulA1)] < kA2 — M. (2.54)
Since we can again use Banach’s fixed point theorem for p,, by (2.53) and (2.54) the lemma
is proved. |

With this result we are able to prove the following lemma.

Lemma 7. Assume that (2.18) in Theorem 1 holds and let (u* —u, \* — \p,) be a fized point
of T'. If uw* —u € U, then we have \* — X\, € A.

Proof.

We denote a fixed point of p,« 5 in A by g, which is unique in A by Lemma 6, and define
Wby =+ Ay

Assume that \* — ), # 1 holds. Defining v/(t) for each t € R as
v(t) = (1 —t)\" +tu”,

through some simple calculations we can find that v(t) — 5\;7 is a fixed point of p,+_5 for all
t € R. In particular, v(1) = p*. Since the fixed point of p,+_, exists in the interior of A by
(2.53), by the property of () there exists a real number ¢** # 1 sufficiently close to 1 such
that

v(t™) — Ay # v and v(t™) — € A.
This contradicts the uniqueness of the fixed point of p,+ 5 in A. Therefore we have
A — X;,, = €A,

and the lemma is proved. |

From Theorem 1, and Lemmas 5 and 7 we can obtain the following theorem which is the
main result of this section.

Theorem 2. If a set W = U X A satisfies the conditions in Theorem 1, then we have
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’

. 5 . . — 2
i) T : eigenfunction s.t. u* —u € U, /(U,*)‘ der =1,
0

i) N - eigenvalue s.t. X7 — )\, € A,
i) F(u*—a, A= X)) = (u" —u, \* = \p),

iv) A\* . geometric simple eigenvalue.

Proof.

i) The existence of the eigenfunction u* satisfying u*—u € U and [, (u*)* dz =1 is confirmed
by Theorem 1. We now prove its uniqueness.

Assume that there exists an eigenfunction v* which is distinct from «* and satisfies v*—u € U
and [,(v*)?dr = 1. Let \* and u* be the eigenvalues corresponding to the eigenfunctions
u* and v*, respectively. Then by Lemma 7 we have \* — A, and we— A, € A. Therefore
Theorem 1 implies

AN =p and v =0

which is a contradiction.

ii) Since we can show the existence of the eigenvalue \* satisfying \*— X\, € A by Theorem 1,
we need only prove its uniqueness.

Assume that there exists another eigenvalue p* which is not equal to \* and satisfies p* —, €
A. Then the normalized eigenfunction v* corresponding to p* satisfies either v* — 4 € U or
—v* — 4 € U by Lemma 5. Similarly, the normalized eigenfunction corresponding to A* also
satisfies either «w* —u € U or —u™ — u € U. Hence p© = A* holds by Theorem 1, which is a
contradiction.

iii) It is obvious by Theorem 1, and i) and ii) above.

iv) Assuming that A* is not geometric simple, there exist two eigenfunctions which correspond
to A* and are linearly independent. We can normalize these eigenfunctions by

/(?1,*)2 dv = /(?J*)Q dv =1.
Joo Jo

Note that v and v™ are also linearly independent after normalization. We then have both

wW—uelUor —u"—uelU
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and

v'—u€elUor —v' —uel

by Lemma 5. Therefore Theorem 1 leads us to conclude that either v* = v* or «* = —v™.

However, this contradicts the linear independent nature of «* and v*. |
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3 FExcluding method for eigenvalues

3.1 Motivation

In this section, we will mention about a verification method of excluding eigenvalues. One
of the reason why we need to exclude eigenvalues is that we want to know some indices of
eigenvalues. Although we can enclose some eigenvalues by the method described in Section
2, we can obtain nothing about its indices. In order to obtain some informations about
indices, we need to check that an interval contains no eigenvalues.

The other reason is an application to the verification of the solutions for the following
nonlinear elliptic boundary value problems (cf. [12]):

—Au = f(u) in Q, :

{ v = 0 on 0f, (3.1)
where some appropriate assumptions are given on the nonlinear map f. Setting Fy =
(—A)Lf, we can rewrite (3.1) as the fixed point equation:u = Fy(u) on H}(2). Our verifi-
cation process is based upon the following Newton-like method to (Iy — Fy)(u) = 0:

Uy = U1 — [T — Fy(up)] " (Io — Fo)(u,_1),
where Fj(uy) is the Fréchet derivative of Fy at the approximate solution wu,. Up to now,
instead of estimating [Iy — F{j(uy,)]" ! directly, we divided (Iy — Fy)(u) = 0 into finite and

infinite dimensional parts, and we used the Newton-like method only in the former part.
But if we estimate ESAV of the following eigenvalue problems

(—2A)[Iy — Fjy(up)](u) = Au,
that is,
—Au— f'(up)u = Au, (3.2)

then we can directly estimate [Ij — Fj(uy,)]~'. Namely, setting ¢ = —f'(uy,) in (2.4), if we
verify the ESAV, we can apply the Newton-like method to the infinite dimensional prob-
lems(cf. [17]). In order to estimate the ESAV rigorously, we use the verified estimation of

the bound of it by excluding eiganvalues.
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3.2 Verification conditions

Now, for ¢ € L>(€), we counsider the following self-adjoint eigenvalue problem:

(3.3)

—Au4+qu = Au in €,
u = 0 on 0.

In order to estimate the ESAV, we consider whether or not a given interval contains any
eigenvalues of (3.3). First, we assume that the ESAV is negative and we begin a procedure
to determine a bound of ESAV moving from zero in the negative direction.

We consider a sufficiently narrow interval A; = (a;,a;_1), where a; (i > 1) are negative real
numbers and ay = 0 (see Figure 1 (a)). For a fixed ¢ and A € A;, we consider (3.3) as
the second-order elliptic boundary value problem. Then (3.3) has a trivial solution « = 0.
Therefore, for any A € A;, if we validate the uniqueness of the solution in (3.3) by the
method described below, it implies that A is not an eigenvalue of (3.3); that is, there is no
eigenvalue of (3.3) in A;. If we fail to validate the uniqueness in an interval A; |, then we
set A" =infA; ;| (see Figure 1 (b)). Next, we start this procedure from zero and move the
positive direction. In this case, if we fail to validate the uniqueness in an interval I'y, then we
set A = supl',_; (see Figure 1 (¢)). Note that we can terminate this process when moving
in the positive direction after infT; > |\*| for some interval I';. By comparing the absolute
value of \*and \™*, we can determine a lower bound for the ESAV.

If we fail to validate the uniqueness of the solution v = 0 in interval A; or interval I'y, this
implies that we could not get a bound of the ESAV as positive values. In this case, we must
refine our method, for example, using a smaller mesh size or higher order base functions in
Sy, etc. However, there is the possibility that (3.3) really has 0 as an eigenvalue in such a
case.

Now, we describe a method to validate the uniqueness of solutions to (3.3) for a fixed A € A;.
Using the compact map on H(Q)

Fyu) = (=AY = q)u,

we can rewrite (3.3) as
u = F\(u). (3.4)
Then we set

(Nio)a(u) = Prou — [Iy — FA],T(}(Phou — PpoFy\(u))

?
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(a) /&fA\l

\\
(b A2 \\
/
\\
/

Figure 1: Process of verification
T)\(u> = (Arho))‘(’u) + (IO - ]3]7,0)]7')\(1”7

where we assume that the restriction to Sy of the operator Pyg[ly — Fi] : Hj(£2) — S), has
an inverse, [Iy — F\|,¢. Then T) is a compact linear map on H} (), and the equivalence
relation

u="T\(u) <= u=F\(u) (3.5)

holds. Thus we have the following theorem:

Theorem 3. If there exists a non-empty, closed, bounded and conver set U C Hy(Q) satis-
fying T\(U) C U, then there exists a unique solution u € HX(Q) of u = F\(u).

Here, 1] C V, implies Vi V5 for any sets Vi, Va.
Proof.

Using Schauder’s fixed point theorem, there exists u in [/ satisfying

u="Th(u), (3.6)



and by (3.5) it is equivalent to u = F)(u).

Since T is a linear operator and Ty(u) = u holds, for any ¢ € R we have

Ty(cu) = Ty(u)
= cu. (3.7)

If u # 0, we can choose ¢ € R satisfying
cu € oU.

But this contradicts with T)(U) C U and (3.7). Therefore v = 0. That is, u = 0 is a unique
solution of u = F\(u). J

By Theorem 3, if there exists a closed, bounded and convex set U C H}(Q) satisfying

o
U T\U C U then it follows that the interval A; contains no eigenvalues of (3.3). We use
AEA;

interval approaches to verify the condition | J T\U cuU (cf[14]).
AEA;

3.3 Algorithm in a computer

We now describe the actual computational procedures used to verify the condition in Theo-
rem 3.

. 0 . .. .
For an interval vector By = ( B;- >) j”i 1 and a strictly positive real number «g, we write

M
(]/L - Z B](O)(/)jv

=1
Us = {0 € 5 |l < ool

where M = dimS), { oj}?il is a basis of Sj,. And we define U as
U=U,eU,.

Then the verification conditions are written as follows:

o Mo

{ (Nuha(U) C U (3.8)

(Ip — Ppo)FA(U) C U,.
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If an interval vector B = (B;){L; such that

M

>_Bj¢; > (NuohU (3.9)
i=1

and a real number « defined by

a = Cohsup||[(A — q)v]| 2

vel

satisfy the conditions

{B c Bo, (3.10)

a < «Qp,

then the verification conditions (3.8) are satisfied, and there exists a unique solution of (3.3)
in U for a fixed A € A;. Note that the inclusion in the former part of (3.10) is meant
componentwise.

Next we derive a necessary and sufficient condition for (3.10) which is simpler than (3.10).
If ¢ = A, (3.3) has the only solution u = 0. Therefore we assume that ¢ Z \.

If we represent an element v in U as v = vj, + v, for v, € U, and v, € U, we have
)

(Npo)a(v) = (Npo)a(vp +v1)
= Puolvy +v1) = [Io — Pl (Pro(vn 4+ v1) — ProFa(vy 4+ v1))
= v, — [Io — Falpo (vn — PaoF(vp, +v1)).
That is,
[1o — Fi]no(Nno)a(v) = [Lo — F]novn — (v, — ProF\(v, +v1))
= PuF\(vp +v1) — PuoFx(vn)

= PyoF\(vy). (3.11)
To calculate the interval vector (Bj);u:l satisfying (3.9), we consider a set X such that
X = {:1; € Sy | there exist v, € Uy such that, for all i =1,..., M,
<o = Filuor, 61 > =< PaoFs(01), 61 >y | (3.12)

In an actual computation, as shown below, we can obtain the interval hull of X (denoted by
) by solving the linear system of equations in (3.12) using the interval right-hand side.
Therefore we can set



M
Y Bjo; =[X]. (3.13)
j=1

Observe that for ¢; (1 <i < M) and = = E;Vil r;¢;, we have

< [Iy = Fx]nox, & >y}

M

= Yy (/ Vo, - Vo de + / 46;: dl’—/\/gbj@,; d:c), (3.14)
=7 \a Jo Jo

and for all v, € U,
< P]I()FW)\(/UL)7 (/)Z >py1= /()\ — (])/UL(/)i du. (315)
0 . Q

Therefore, in order to obtain the set | X | we define the A x M matrix GWM = (ggf))lgﬁjg,“
which is dependent on A, by

C]E,A) = (Voi, Voj)r2 +(0i s q0j)r2 — M@y, @)z (1 <i, j<M)

and the interval vector r by
r = ([~7ri,7i]), 10 = Cohl[(A — q)oil| 12

Since we supposed that [Iy — F/\];Ol exists, G is invertible. Then, the interval coefficients
B; in (3.9) are determined by

B = ag(GM) . (3.16)
Note that B is obtained as the interval hull of the set {# € RM | GMa = agr, for all r € r}

by the usual interval arithmetic. We can estimate « by using, for example, the triangle
inequality

a = Cohsup |[(A = q)v| 12
vel
< i { sup 0= gl + s 1= el
vp€Up vy €U

< Coh sup [|[(A = @)un|l 2 + Cohagl|A = ql|oc.

B vp el

where || - ||~ represents the L>-norm on 2. Then the following theorem holds.

Theorem 4. The conditions (3.10) are equivalent to the following inequality:
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Coh sup (A= q)®" - ]2 + CRZ|IN = qll < 1. (3.17)
2€(GM)~1r
where ® = (¢;)1,.
Proof.

First, we suppose that (3.10) hold. Then, the verification conditions (3.10) are written as

ag(GV) e C B, |
Coh sup [[(A = @)®" - Byll2 + Ch’aol|A = gll« < a0, (3.18)
ROEBO

Thus we have
ag > Coh sup |[(A—q)®" - Byllr2 + Coh?ap]| A — gl
BOEBO

> Coh sup  ||(A =)@ - gz
ze(GM)—1r

12 + Coh?ag)| A — gl

= (Coh sup  ||(A = )@ - 2|2 + CTR?||\ — qHOO) ,
2e(GO))—r

and hence, (3.17) holds.

On the other hand, suppose that (3.17) holds. Then defining

e=1-Coh  sup  |[(A=q)®" - 2|12 — CIR?|N — ql|,
ze(GM)~'r

€ > 0 holds by (3.17). Since we assumed that g Z \, we define the interval vector by as

€

_ | 1],
(M +1)Coh||X — QHOO[ ;

by
= — — L = o7 s a 1711
where [1] = ([-1,1],....[-1,1])!, 7 = max, ||d: |2 and write
BO = (Zlfo(G(A))_]r =+ ()'TUbU. (319)

Then we have

Oé()(G(/\))ill‘ & B(),
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and by straightforward calculation, we find that the following inequality holds:

Coh sup ||(A = q)®" - Boll 12 + Cih*ag||A — ¢l < .
BOGBO

This proves the theorem. |
Remark 3.1

We can choose ag and Bg arbitrarily if they satisty the relation (3.19). This arbitrarity
comes from the linearity of F), which enables us to calculate B independently of Bg (See

(3.11)).

By Theorem 4, if each A € A, satisfies (3.17), it follows that there is no eigenvalue of (3.3) in
A;. In our previous method [14], it is necessary to check the condition (3.10) in the sense of
intervals. Actually, in that case we often failed to verify the uniqueness of the trivial solution
on an interval in which no eigenvalues were contained. In the case of present method, the
condition (3.17) can be easily checked for all A € A;. Thus, computational efficiency is
greatly increased in our new method. This has been confirmed by actual computations.



4 Applications to nonlinear elliptic problems

There are two known methods to verify the existence of solutions of nonlinear elliptic equa-
tions, Nakao’s method [9-14] and Plum’s method [17, 18]. In Nakao’s method, one decom-
poses the equation into finite and infinite dimensional parts, and the former is processed by
finite element approximations, while the latter is treated using constructive error estimates.
Then, Newton-like iterations for some function sets are executed to find a solution.

In Plum’s method, the norm of the inverse of the linearized operator of the original differ-
ential equation is evaluated by rigorously estimating the Eigenvalue with Smallest Absolute
Value (ESAV) of this linearized operator, and the solution in question is enclosed near an
approximate solution by checking a condition of the Newton-Kantorovich type in an infi-
nite dimensional space. Therefore, in Plum’s method the estimation of the ESAV plays an
essentially important role.

In this section, we propose an alternative approach to this problem consisting of a mixture of
Nakao’s and Plum’s verification methods. More precisely, we use a form of Plum’s method
with local uniqueness for the basic formulation (¢f. [25]), and for the estimation of the ESAV
of the linearized operator, we use Nakao’s method described in Section 3. By applying such a
mixed approach, we can obtain a new verification method which includes all the advantages
of the two previous methods and none of their disadvantages.

4.1 Statement of the problem and the fixed point formulation
We consider the nonlinear elliptic boundary value problems of the form

{—Au = f(u) in (4.1)

u = 0 on 01,
where we suppose that f satisfies the following assumptions:

Al. f: Hy(Q) — L*Q) is continuous and maps bounded sets into bounded sets.
A2. fis Fréchet differentiable on Hj(€2).

Let uj, € S, be a finite element approximate solution of (4.1) satisfying
(Vup, Vo) gz = (f(un), vn) 2 for all v, € Sj.

We used the library PROFIL (c¢f. [4]), which enables us to enclose the above uj, in very small
intervals. We attempt to find the solution of (4.1) near @ satistying
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—Au = f(up) in Q, .
{ 2 = 0 on Jf). (42)

For this @ € H*(Q) N Hy(£2), the relation uj = Phoit holds, as can be confirmed by a simple
calculation. From (4.1) and (4.2), we have

—Alu—1a) = flu)— f(up) in Q, (4.3)
u—u = 0 on 0f2.
Defining vy = @ — uy, we then have vy € Si, and we can write

w=up+vy foru, €S, and vy € ShL.

Similar to the discussion in Section 2, we obtain the following estimation:

Vol m < |V, — Vg 12 + Coh||Aup 4 f(up)| 72

Note also that in this estimation we used the L?-estimate of vg:

LZ S C()h

” Vo | 'U()l [[(} .

Now, in order to verify solutions u of (4.1) near @, writing w = u — @, we can rewrite (4.3)
as follows:

{ —Aw = f(up +vo+w)— fluy) in Q, (4.4)

w = 0 on 0f).
Let (—=A) "4 be the solution of (2.2) for ¢» € L*(Q2). Then
(=A)' LHQ) — H*(Q)N Hy(Q)
is a bounded operator, and since the imbedding H?*(2) — H}({2) is compact,
(~A) 7 1(0) — HY(0)
is a compact operator. Thus using the compact map Fy : H}(Q) — HJ () defined by
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Fo(w) = (=A) ' (flup +vo +w) — fup)), (4.5)
we have the fixed point equation for w on Hj({),
w = Fy(w). (4.6)

Next, let Fg(—wvg) be the Fréchet derivative of Fy at —uvy, and define L = Iy — Fy(—wvy).
Moreover, with L = (=A)L : H}(Q2) — H'(Q), by Fj(—vo)u = (—=A) " f'(up,)u, we have

Lu=—Au— f'(up)u

which is a strongly elliptic operator. Here —A is interpreted in a distributional sense. Note
that, by restricting the domain of definition of L to H?*(Q)N HJ(2), we can regard the
operator L : HY} Q) — H Y(Q) as L : HX Q)N H () — L*(Q).

Now we discuss the existence of L71.

Since
L = (=A)(Io = Fy(=w))

holds, ( —A)*'lz is a Fredholm operator of index 0. If the ESAV A, of L is known to be
nonzero, then we have the estimate

1

U <
”UHL2 = |/\*|

HZ'U'HV for u € H*(Q) N Hy (),

and therefore,
Lu=0+<=u=0,

which implies that (—A)*lz is an injection. Thus by the Fredholm alternative theorem,
(—A)7'L has an inverse. Hence, the existence of the continuous operator L™ : L?(Q) —

H?(Q)N H{ () is confirmed.

Now, define the operator Ty : Hi(2) — H(Q) as follows:

To(w) = LN (flup 4+ vo +w) — flup) — f/(up)w). (4.7)
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This operator is derived by a Newton-like method for the equation (I, — Fy)w = 0. Then,
since the imbedding H*(Q) — HZ () is compact, using assumptions A1 and A2, T becomes
a compact operator on H(Q), and we have

w="Ty(w) <= w = Fy(w).

4.2 Verification conditions

In this subsection we present a verification condition with uniqueness based upon [25].

Now, we intend to find a solution to (4.1) in a set Wy. Taking a strictly positive real number
a, a candidate set W, is defined by

Wo = {w € Hy(Q)] |

w] m < al. (4.8)

By the method described below we choose strictly positive constants 3 and v such that
”T(]<0)HH& S /87 (49)
”Té(“?l)“)QHHd <~ for all wy,wy € W. (4.10)

We then define the set Ky C HJ(Q2) by

?

Ky={ve H(Q) | [vllmg <5+ 7} (4.11)

which includes the image of Wy transformed by the linearized operator of Tj. The verification
condition is described in the following theorem.

Theorem 5. If Ky C Wy holds for a candidate set Wy defined by (4.8), namely,
g+~ <a, (4.12)

then there exists a solution to (4.1) in @+ Ky. Moreover, this solution is unique within the
set w4+ Wy.
Since the proof of this theorem is similar to that of Theorem 1, we describe the outline of it.

Outline of proof.

We define a scaling norm || - ||w, by
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xr 1
Il for x € Hy(Q),

”IHVV = (687

where « is the same one in (4.8). Using this norm we can prove that
To(Wo) C Wy

and

| To(wa) — To(w)|[w, < Kljwe — wilw,

for some k s.t. 0 < k£ < 1 and for all wy, ws € Wy. Then we can apply Banach’s fixed point
theorem to obtain the desired conclusion. |

4.3 Estimation of constants and algorithm

In this subsection we describe the manner in which the constants in (4.9) and (4.10) are
obtained.

Constant [
Since
T6(0) = L*I(—A)*l(f(uh + vo) — flup))

holds, we consider constants (; and 1 satisfying

ITo(O)lmy < Gllf(un+vo) — flun)]lre, (4.13)
I1f (un + vo) = flun)lle < . (4.14)

We then can choose 3 to be (1.

As for (1, we first calculate the constant (y such that

||z < Col[(=A)Lul| g2 for u € H*(Q2) N Hy(Q). (4.15)

This constant (; is obtained as the inverse of the ESAV of



(=A)Lu = \u. (4.16)

Then we can calculate ¢; from ¢y as follows (c¢f.[17]). Assume that L=(Q) 3 ¢ = —f'(uy)
and that there exist constants ¢, ¢ such that

q<qlx)<q (v €Q). (4.17)

Then the constant (; is derived as follows:

V(1 —qG) if g6 < 3,
= 1 t.
G - otherwise. (4.18)
2V

Since f(-) € L*(9) is assumed to be bounded, 5 can be calculated using a simple estimation.
Constant v

We consider a constant ¢, and a monotonically increasing function @ : [0,00) — [0, 00)
such that for all wq, wy, € Wy,

| T5 (w1 )ws|| m < Gl f (un + vo + wi)ws — f'(up)ws| 12, (4.19)

| f/ (un + vo + wy )ws — f'(up)ws|| 2 < Q]|we n(';)- (4.20)
Then since we have

1 T5(wi)ws|[ g < GQ(lJwa ) for all w, wy € Wy,

we can choose v as (Q(«).
As for (v, since
/ / ! ! A 1y
(—A)LTH(wy)ws = f'(up + vo + wy)ws — f'(up)w,
holds for all wy, wy € Wy, we can choose (5 = (. With regard to the monotonically increasing

function @), since f' : Hy () — L(Hy(£2), L*(£2)) (the space of bounded and linear operators
H{(2) — L?*(2)) is a bounded and linear operator, we can construct () as
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Q(HwQH U&) - C(uh,1~0,(\:)||u72|| ”8 )

where C(y, vy,q) 18 a positive constant independent of ws € W.

Now, we describe an algorithm for finding a real number « which satisfies the verification
condition (4.12),

S+ <a

Since v depends on «, we write 7 as

v =7(a).

If f(u)in (4.1) is a polynomial in u, y(«) is a polynomial in . Therefore, in order to find «
satisfying (4.12), we may solve the inequality for a. Here we present the following iteration
method.

Algorithm

Fix a maximum iteration number.

Find a constant [ satisfying (4.9).

Set a «— (.

Find a constant v(«) satistying (4.10).

Check the verification condition (4.12); 5 4+ ~v(a) < a.

If the condition is satisfied, the verification has succeeded. If not,

Set a — (1+0)a (0 <6 K1), (4.21)

where 6 (0 < 6 < 1) represents an inflation parameter (cf.[19],[23] etc.). Then increase the
iteration number by 1 and return to step 4.

6. If the maximum iteration number is exceeded, without (4.12) being satisfied, the
verification has failed.



5 Numerical examples

First, we give two examples whose eigenvalues were enclosed using the method in Section 2.
Specifically, we have verified the eigenvalues with the smallest absolute values (ESAV) with
the technique described in Section 3. We set the following conditions:

) is the rectangular domain (0,1) x (0,1) C R?, and the interval (0,1) was partitioned into
20 pieces (h = 21_0) The basis in .5}, consists of continuous, piecewise biquadratic polynomials
on Q. (M = dimS),, = 1521) The inflation parameter 6 in (2.40) is set to 0.0001. Then the

constants appearing previously can be taken as C; = % and Cy =1 (cf.[14]).

In the calculations, interval arithmetic is used to avoid the effects of rounding errors in
the floating-point computations. The computations were carried out on a Sun Enterprise
450 using the interval library PROFIL coded by Knuppel of the Technical University of
Hamburg-Harburg ([4]). PROFIL is implemented as a portable C++ class fast interval
library and supports two interval solvers proposed by Rump ([19]).

Example 1:

We consider the following self-adjoint eigenvalue problem:

—Au —2uypu = Au in €
hl ) =
) (5.1)
v = 0 on 99, ‘
where w1 1s a finite element solution of the following so-called Emden equation:
—Au = u? inQ, (5.2)
) 5.
uw = 0 on 0.

We calculated a finite element approximate solution (uy,, Xh) satisfying (2.6) using the interval
Newton method. The verified results for the ESAV are given in Table 1. These demonstrate
that the ESAV exists in the interval

M+ [=Yarso + Zarsa), Yrse + Zarsa),
and that it is unique in the interval
A+ [=Wargo, Wy o).
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Example 1 Example 2
Ap [—20.706398715531] | [~16.6103923539
||| < 2.47738622 2.30812688
llo1]| L2 0.00013965 0.00013715
Iteration number 9 9
maxy<;<y(Y; + Z;) | 0.00296313 0.00320281
maxi<;<ar VVg 0.00296339 0.00320311
Yyl + Za 0.00111568 0.00104195
Wira 0.00111569 0.00104204
Yvao+ Zyao 0.06131755 0.05976070
Wito 0.06132296 0.05976615

Table 1: Results of verification

Example 2:

We consider the following self-adjoint eigenvalue problem:

{ —Au+v(3uzy — 2(a+ up +a)u = Au in Q, (5.3)

uw = 0 on 09,

where v and a are positive constants, and wuy» is a finite element solution of the following
so-called Allen-Cahn equation:

(5.4)

~Au = vu(u—a)(l—u) in Q,
uw = 0 on 0.

It is known that this equation has two solution branches with respect to the parameter v > 0
(¢f.[23]). Here we considered the case in which uyy is an approximate lower branch solution
for v =150, a = 0.01. As in Example 1, we calculated a finite element approximate solution
(Up, Xh) satisfying (2.6) using the interval Newton method. The verification results are given
in Table 1. They also demonstrate that the ESAV exists in the interval

A+ [=(Yarse + Zurve), Yrve + Zarval,
and that it is unique in the interval

:\h + [ Wharsa, Wargo].
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Next we give two examples, the Emden equation and the Allen-Cahn equation, which we
have studied using the method in Section 4. In these examples, €2, the number of partitions
for the interval (0,1) and the basis in S, are the same as previous two examples, except for
the inflation parameter ¢ in (4.21), 0.01.

Example 3:

We consider to find a nontrivial solution of the following so-called Emden equation:

Ut
[
S~—

—Au = u* inQ, (
u = 0 on 0f). '

The associated eigenvalue problem for the estimation of the norm of the inverse of the
linearized operator here is (5.1).

By the method described in Section 3, we have verified that the interval
[—20.6, 55.5]

does not contain any eigenvalues of (5.1), and we can thus take the bound of the ESAV as
20.6. Thus, it is seen that the constants (y and ¢; in (4.13) and (4.15) can be taken as

Co = 0.0485438,
¢ = 0.225566.
We can take the constant 7 in (4.14) as
1 = 0.0632076.
Also, the monotonically increasing function @) satisfying (4.20) can be chosen as

2 2
Q) = (Sa+ ~Callunlly) .

where (3 is a constant determined by
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Figure 2: Approximate solution

1 \ 16 9 16
Cs3 = ( ) { —4/sin z} .
407 27818 9

See Appendix for the details of the method to calculate above n, Q(x) and C3. We completed
the verification algorithm presented in Section 4.3 with 2 iterations.

The constant « in the set Wy defined in (4.8) and the constant 5+ ~ in the set K defined
in (4.11) were determined as

a = 0.014399992,
B4+~ =0.014295359.

That is, there exists a solution u in (5.5) satistying
[|u — ]| gy <0.014295359.
Moreover, it is unique in

lu — @]l < 0.014399992.
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Figure 2 displays the shape of an approximate solution of (5.5).
Example 4:

We next consider to find a nontrivial solution of the following so-called Allen-Cahn equation:

(5.6)

—Au = wvu(u—a)(l —u) in ),
v = 0 on Of2.

We have verified the existence and uniqueness of two exact solutions on the upper and lower
branch in the case that v = 150 and a = 0.01. Then the associated eigenvalue problem for
the estimation of the norm of the inverse of the linearized operator is (5.3).

The upper branch solution

With the method described in Section 3, we have verified that the interval
[—50.0,45.0]

does not contain any eigenvalues of (5.3), and thus we can take the bound of the ESAV as
45.0. Then it follows that the constants (y and ¢; in (4.13) and (4.15) can be taken as

Co = 0.02222222,
¢ = 0.149173.
We can choose the constant 7 in (4.14) as
n = 0.0107114,
and the monotonically increasing function @) satisfying (4.20) can be chosen as
Qlr) = y{uﬁum — 2+ 1) (Chllvo ]l gy + Caa)C
—|—3C4(C5HUO||H5 + C‘6(<k)2}.r,
where Cy, C5 and Cy are constants determined by
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Figure 3: Approximate solution wuye (upper branch)
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For the calculations of above n, Q(z), C4, Cs and Cg, see Appendix.

Verification by the algorithm presented in Section 4.3 was completed with 6 iterations. The
constant « in the set Wy defined in (4.8) and the constant 3 + v in the set K defined in
(4.11) were determined as

a = (0.00167936,

B4+~ =10.00167052.

That is, there exists a solution u in (5.6) satisfying

43



Figure 4: Approximate solution wuys (lower branch)

||u — {"”Hé < 0.00167052.
Moreover, it is unique in

o — @]l < 0.00167936.

The lower branch solution

We verified that the interval
[—16.2,18.0]

does not contain any eigenvalues of (5.3). This implies that the bound of the ESAV can be
taken as 16.2. Similarly, as before, we obtain

(o = 0.0617284,
¢ = 0.24852,

1 = 0.00041168.
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The monotonically increasing function @ satisfying (4.20) is the same here as in the upper
branch.

We completed the verification in this case with 2 iterations. The constant « in the set W)
defined in (4.8) and the constant 3 + v in the set Ky defined in (4.11) were determined as

a = 0.00010333,
3+~ = 0.00010266.
That is, there exists a solution u in (5.6) satisfying
|| — 77,||H5 < 0.00010266.
Moreover, it is unique in
||u — 77'”H3 < 0.00010333.

Figures 3 and 4 display contours of the approximate upper and lower branch solutions of
(5.6), respectively.



6 Conclusions

It is very interesting and important problem to verify the eigenvalues with guaranteed error
bounds in mathematics as well as physics and engineering. In the existing verified computa-
tional approaches, the methods in [2] and in [15, 16] are able to guarantee the index of the
enclosed eigenvalue. On the other hand, our method has an advantage that it is applicable
to non-selfadjoint eigenvalue problems while other methods, in [2] and [15, 16], seem to be
difficult to deal with such kind of problems. In this paper, we applied the verification method
for the nonlinear elliptic boundary value problems to the eigenvalue enclosing. This method
assures the simplicity of the enclosed eigenvalue. Moreover, by estimating the norm of the
inverse linearized operator for nonlinear elliptic problems using the ESAV, we proposed a
new verification method for the solutions of that problems incorporating with the approach
in [17].
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Appendix

In this appendix, we describe the method to compute the constant n in (4.14) and the
monotonically increasing function @ satisfying (4.20). In order to obtain better constant n
and function @, we used the best imbedding constatns by G.Talenti (cf. [22]). Therefore we
first describe the imbedding constants.

If the domain Q C R? has a cone property, by the Sobolev imbedding theorems (cf. [1]),
there exists the imbedding

HY Q) — L"), 2<p<oo,
that is, we have
ue HY(Q) = ue LP(Q).

The following theorem is the main result in [22].

e THEOREM ~N

Let u be any real (or complex) valued function, defined on the whole n-dimensional Eu-
clidean space R", sufficiently smooth and decaying fast enough at infinity. Moreover let
p be any number such that 1 < p <mn. Then

1/q L/p
(1) {/ |”|qd5’/} <C {/ | Dul? (],:1;:} ,
o i

where | Dul is the length of the gradient Du of u, ¢ = np/(n — p) and

1=1/p 1/n
(2) C =g 2 p-1 / (14 n/2)(n) /
| =P I(n/p)T(1+n—n/p) :

The equality sign holds in (1) if u has the form

(3) u(x) = [a + bla|p/P=D]I=/P,

where |x| = (22 + -+ 22)Y? and a, b are positive constatns.

In the above theorem I'(n) means the gamma function.

Now, we consider the case n = 2. In the present case Q = (0,1) x (0,1) we can extend
u € Hy(Q) to the whole space R? as follows:



u(x), (v e
) ule) = {0( ) E;r ¢ Q§

By (4) using Hoélder’s inequality we have

1/p 1/p
(/ | Du|? rl:r) = (/ | Dul|? d."l?)
JR2 Jo
p/2 (2-p)/2
{(/ (| Dul?)?? d:c) (/ 12/(2=p) d:v) }
Jo Ja

< 1P Tl 2.

1/p

IN

Therefore using the constant C'in (1) we have
lulle < ClQIZ2] V]2

If we write ¢ = 2k, p is then written as p =2k/(k+ 1), and 1 <p <n =2 for k > 1. Since
I' function have the properties

T

(e +1) =al(x), T(2)I(1 —x)=

sin 7’

using these properties, above constant C' is written as

‘ 1/2
(5) C= ’ (k— 1)1/ (Sin 7}:) :

T

Considering this constant C'is depend on k, we write C'as C'(k). Then the following estimates
hold:

(6)  lullze = Jullfor < (CCR)" Il

If ||u|[ g2 is small, we can sometimes obtain better estimates by using ||u| 2 together with
(6) as described helow.

By Schwarz’ inequality we have

(M) bl < yllelle e

2k71|

Then, by applying the estimates (6) to ||u 2 in (7), we have
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(8) Hu’““m < (C(QA _ 1))k71/2|ﬂ|1/4||uH'le/22Hu”kﬁ—él/Q'

Moreover, by applying the estimates (8) to ||u?*"!||,2 in (7), we obtain the estimates
(9 l¥lle < (k= 3) D) S 5 gy ™"

Repeating the above technique [ times, we have for &/ =k — (1 — %)7
(10) [l < (CEBDIQM ull M ullfy.

Now, using above estimates, we calculate the constant n in (4.14) and the monotonically
increasing function @) satisfying (4.20).

Constant 7

For Example 3, we have

Hf(“hl + ’U()) — f(“hl)”f? = HQU//LI/UO + USHLQ
< 2flunilscllvollz2 + gl 2.

and for Example 4, we have

[ Ctnz + vo) = flun2)]| 12
v||vo(—=3uty — Bupovg — v 4 2(a 4+ Dups + (a4 1)vg — a)]| 2.

r2. In order to obtain better estimates

From the above, we need to estimate |[v]|7: and ||vj]
for these norms, we used the estimates (10). Since we have, by Schwarz’ inequality,

legllze < v llvoll e gl e

the estimates of ||v3] 2 plays an important role. As we could obtain better estimate for it
in case [ =2 and k = 3 in (10), we calculated the constant 7 by using it.

Function ()
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For Example 3, we have for wy, wy € W,
|/ (wnr + vo + wy)we — ' (wpr )ws| 12
= 2|[(vg + wy)wsl| .2
< 2(|lvollze + N [[pa)l[ws] 24

A

and for Example 4, we have
| f/ (o 4 vo 4 wi)wy — f(wps)wsl| 2

= v||(vo 4+ w1 ){6ups + 3(vo + wy) — 2(a + 1) }wsl| 12
< vf|6unz = 2(a + 1)||sc(llvoll 2 + llwn [[p)l[wzl 2+ + 3v(llvol[ 25 + |

Therefore we need the estimates for ||vg|| 7+, |[voll7s and [Jw|| 74, ||w]] s for w € Wy, We used
(6) for ||w]| s, [|w]|rs. Since ||vg]|z+ is estimated by

LB)ZHQUQI‘L4.

Wy ws| Wy

1/4

1/4| !

i < lvoll 2

US

Vol

lvd]| 72 is essential for the estimates of ||vg|/z+ and we used the same estimate above, i.e.,

[ =2 and k=3 in (10). For ||vg

18, since we have, by Schwarz’ inequality,

1/8
L2

i

1/8| o

s < lvoll 2

Vol

the estimates of ||vf| 2 is important. As we could obtain better estimate for it in case k = 7
in (6), we constitute the function ) by using it.

ot
=
o}
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