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1. Introduction

In this paper we consider the following problem: We are given 'a biva-

riate polynomial p, i.e., a polynomial in two variables
n
p(x,y) := ) a xy¥ (1.1)
v
having real coefficients auv and a rectangle
Q = XxY with X = [x,x], Y = [y,y] € I(R). (1.2)
Here I (IR) denotes the set of the compact, nonempty real intervals,

henceforth referred to simply as intervals. We are seeking for the

range of p over Q, i.e.,

P(Q) = {p(x,y) | (x,y) € Q} = [m,m],
where m = min p(x,y), m = max p(x,y).
(x,y)€Q (x,y)€Q

Knowledge of this range, or the equivalent global maximum m and global
minimum m is relevant for numerous investigations and applications in
numerical and functional analysis, optimization etc. It is therefore
important to find easy and efficient methods for getting good appro-
ximations to this range. An exposition of available methods is given in

the monograph [10].
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In our paper we present two methods for finding convergent upper and

lower bounds ﬁk, m, for the range p(Q), i.e., ﬁk >mand m_ < m with

k

m_-mand m - m for k » ». Both methods can easily be extended to

k k
the higher-dimensional case. For the sake of simplicity we will
present our results only in the bivariate case since the generaliza-

tion to the higher~-dimensional case will be obvious.

The first method is based on the mean value theorem and is given in
Section 2. The other method is based on the expansion of a bivariate
polynomial in Bernstein polynomials and is discussed in detail in
Section 3. Here we also address the problem of finding convergent
bounds for the range of p over the unit triangle. It turns out that
this can be handled in a similar way as for the rectangle. In Section 4
we consider the case that the coefficients of the polynomial p are not

exactly known but can be located between upper and lower bounds

a € A = [a

Ly - a3, €EI(R , wu,v =0(n. (1.3)

Required is now to find the range of a set of bivariate polynomials
over Q

n

{ 2 a.uvxuyv I(XIY) € Q, auv € Auvl H,v = 0(1)1’1}.
H,v=0

We conclude our paper with a particular application to a problem in
multidimensional system theory, namely testing a bivariate polynomial
for positivity.

Each real interval can be mapped onto [0,1] by a linear function. So
we will confine our discussion mainly to the unit square I := [0,1]x[0,1].
For an integer k we define K := {(i,j) |4i,j = o(1)k}.

2. Bounds using function values

The following is an extension of a method developed by Rivlin [12] for
the univariate case. The bounds involve the function values of the
polynomial on the grid on the unit square I given by (u/k, v/k),

(u,v) € K.
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Theorem 1 (without proof):
Let p be given by (1.1). Then

max p(x,y) m < max p(% ,%)-+u

(x,y)€I (u,v) €K k
(2.1)
min p(x,y) =m 2 min p(E ,3) -a, ,
(x,y)€I (n,v)€EK k 'k k

where

(1+3)(L+3 -1 lagl.

Remark: If p has a large number of vanishing coefficients it might be
advantageous to apply the algorithm given in [11] to evaluate p at the
grid points since this algorithm takes account of the sparsity pattern

of p.

3. Bounds using the Bernstein form

In this section we derive bounds for the range of a bivariate polyno-
mial (1.1) on the unit square using the so called Bernstein form. This
form is intimately related to Bernstein polynomials (a good reference
for Bernstein polynomials is the monograph [9]). The first application
to the range of univariate polynomials was given by Cargo and Shisha
[5]; Rivlin [12] improved upon the bounds obtained by Cargo and Shisha.
Grassmann and Rokne [6] and Rokne [13-16] applied the results of
Rivlin to real and complex interval polynomials. Finally, Lane and
Riesenfeld [8] discussed subdivision in the univariate case.

3.1 The Bernstein form of a bivariate polynomial on the unit square

Let kv; n be an integer. We define for (i,j) € K.
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k
i

k

p S oy = D Hxta-0* Y0 -n®, iy e @

Then by some manipulations we get the identity

k
YyY = sy £y () (k)
Xy = s=uzt=v (u)(v)auv Pgt (x,v), 3.2
where o (%) 1= 1) 17T, v e k. (3.3)

Substituting (3.2) into (1.1) gives

p(x,y) = b)) v, (3.4)
(i,5)ex *3 "I
i 3

(k) iy .3, . (k)
where b;%’ = §J § (D) ({eira,. (3.5)

ij =0 t=0 s”'t""st st
with the convention that agy = O for s > nor t > n.

(k)

We call the bij
form of p (on the unit square).

the Bernstein coefficients and (3.4) the Bermnstein

Theorem 2:
If p is given by (1.1),then we have

max b¥) > m, m > min bég) (3.6)

(1,5)exk *3 7 (1,3) €K

for each k > n; equality holds in the left (resp., right) inequality

b (K) p () (k)

. . (k)
i3 (resp., min 13 ) is one of boO ’ ka'

(i,j)€K

if and only if max
(i,j)€EK

(k) (k)
Pok * Pkk -

Proof: Sihce 0 < pgk)(x,y) for all (x,y) € I and (i,j) € K, and
£rool ij

(k

pij)(x,y) =1 for all (x,y) € I (3.7)

(i,j)€K

the inequalities (3.6) follow.
The "if" part is obvious from

= p(0,1),

K
K K
b&) = ay, = p0,0 , blE = I g

Ok £=0
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k

(k) (k)

b = ) a_. =p(1,0), b = )y a, =p@,1.

kO s=0 sO kk (s,t)€K st
We now assume that max bik) =m = p(%,9), (X,9) € I, and

(k) (k) (k) (k) (k) a A

max bij > bOO ’ bOk , bkO , bkk . If %,9 € (0,1), then by (3.7)

p(%,¥) < max b(k) p..(%,¥) = max b(k)

ij ij !

(i,j)ex *J

a contradiction. The proof of the other cases and for min bi?) is ana-

logous.
-]
We now show that the bounds given in (3.6) converge to m and m,

respectively.

Theorem 3:
If k 2 2, then

max bik) -m , m- min bik) < Y(k—1)k—2,
(i,5)ex *J (i,j)ex *J
where
n
_ _ 2 _ 2
Yy == ) g_o (=N + 1)+)|auv| (3.8)
,v=

and (x)+ = max(0,x) .

Proof: Since some of our considerations follow Rivlin's proof for the

univariate case [12] we only give an outline of the proof.
For a function f defined on I let

,%)pi?)(x,y).

A

B (£ix,y) := )3 £(
(i,j)€K

For s,t £ n, denote by 61.(s,t), (i,J) € K, the Bernstein coefficients
of the polynomial Bk(xsxt;x,y) —xsyt. Since Bk(xsyt;x,y) = xsyt for
s,t < 1 we have Gij(s,t) = 0 for (i,j) € K and s,t < 1. Therefore, we

assume that s > 2 or t > 2.

If 0 £ i < s we have by (3.2)

1

t
a--

i, s S
E) )

(

A
fiA

§..(s,t) < (i)s(i) (§:l < iE:llE
ijtses) =2 K K
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If2<s<iand 2 < t

A

j we get after some algebraic manipulations

- (dys 3yt _ (k)i 3
si5(5,8) = P DT Q@D
i\s j,t (s=1) \s-1 (t=1) \t-1
2 %D [1-(1——i ) (1—————3. ) ]

Now we apply the generalized Bernoulli inequality, see e.g. [7, p. 60],
to obtain

(i)S(J];_)t( (S"_‘I)Z + (t—1)2)

§i5(s/t) 2 (g i j
-5yt (s—1)2+(i)s(j_)t-—1 (t=1)2
T 'k k k k k k :
It follows that (note that Skk(s,t) = 0)
k-1 2 2
Gij(S,t) ;—k—z‘ ((s=1)" + (t=1)7).

It is easy to see that this formula is also true in the remaining
cases.

As in the univariate case now one shows that

(k) k-1
iy | =Y 2

p(x . §) -b
from which the assertion follows.
Because of Theorem 3 one expects that when increasing k the bounds
become better. Before we discuss this in more detail we note another
improvement, namely a correction of already calculated bounds.

We assume that

max b¥) = b , (u,v) € {(0,0), (0,k), (k,0), (k,k)},

(i,5)€xk 13 e
(k) - _
max {bij | (1,3) # (u,M)} = ba 5 < bw.

By a similar argument as in [12] one shows using

= i3
max p,s(x,y) = p;. (&, 2)
(x,y)€r 13 137k "k
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that

< b . (3.9)

m ~
v uv

A

LA - LR
Puv(k 'k)buv + (1 pw(k 'k))bﬁ
If the maximum of the Bernstein coefficients is assumed more than
once then a similar bound holds involving the maxima of the correspon-
ding Bernstein polynomials.

An analogous bound is valid for m.

3.2 Calculation of the Bernstein coefficients

The calculation of the Bernstein coefficients by (3.5) is not economic
since, e.g., the number of additions needed is %—n44-0(n3) (k = n). We
present now a method fcr calculating the Bernstein coefficients which

requires fewer arithmetical operations.

Proposition 1:

For p,v = 0(1)n we have

- (k),-1 (k)
auv - (puv ) Au\)bOO '

where Auv is a twodimensional forward difference operator defined by

r

n v
(k) ,_ _qy HFv=0=T1 p, v, (k)
Auvbij T 020 TEO =1 (0)(T)bi+0,j+T

p<k-i, v < k=3 .

A

Proof: Straightforward calculation using

1 3S+t
a5t = sTer _s.t (09 g
3xX" oy

To calculate the Bernstein coefficients one may proceed in two steps:

First, one computes

(k) _ (k)
AuvbOO = Puv auv'

Then one computes the Bernstein coefficients from Auvbég) by using the

following recurrence relations:
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Aoobig) = bi?’ ’ A
A1ob£§) = bii%,j 'bi?) ’
Ao1bi§) = bi?;+1 -b£§) ' >
u+1,v ig) = Auvbifi,j - uvbiﬁ) '
R S S T ORI S /

furthermore, we have

(k) _
Auvboo =0 if w>n or v >n

(3.10)

To clarify the second step we give the explicit calculations in the

case k = n = 2 (for simplicity we suppress the upper index k).
We start with the table of the differences Auvboo

]
qu 201P00  202Po0

b
810P00 211Poo 21200 7
820P00 221Po0  222P00

in the upper left corner we have boo = AOObOO .

Now add the first column to the second and the second to the third to

obtain

}
b b 1A .b

__boo___Po1 40101
810Po0 210Po1 211Po1
850P00 220P01 221P01

as the second Bernstein coefficient we now know b01 = AOObO1’ Now add

row 1 to row 2 and row 2 to row 3 which gives

boo P01 | 201%01

b1o g [Bo1P1y -

A10P10 210P11 A11P1y
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In the last but one step add the second column to the third to obtain

50 bo1 52
bio b4 b2
810P10 210P11 B10P12

and in the last step the second row to the third which yields the table

of the Bernstein coefficients b i,3 = 0(1)2.

13’
The number of additions required for this method is n(n+1)2 (k = n).
Also the number of calculations of binomial coefficients is conside-
rably smaller than for the direct calculation by (3.5).

When the Bernstein coefficients are computed by the difference table
for several k then for each k all the Bernstein coefficients have to
be calculated once again. Hence the difference table is unfavourable
when it is used more than once. A better way 1is to calculate the
Bernstein coefficients for fixed k-1 and then to make use of the

following recurrence relations ((i,j) € K):

(k) _ o=2;.. . (k=1) iy (k=1)
bij =k “[ij bi 1,3-1 +3j(k 1)bi,j—1
+ 10=3)b T 4 1) - b (3.11)
. (k=1) _ (k 1 _ (k 1) _ (k 1) _ (k 1) _
with b_y _9= —1,] by, -1 Pix k3 o

ilj = 0(1)k.

We see that the Bernstein coefficients of order k are convex linear
combinations of Bernstein coefficients of order k-1 and we may conclu-

de that the convergence of the bounds is monotone:

max ik n > max bgk) '
J = 1]

min bk~ < min pK)
ij = ij
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3.3 Subdivision

In this section we discuss subdivision, i.e., dividing the unit square

I into four subsguares of edge length 1/2 (see Fig. 1)

Y
1 T
I1.3 :I‘I.L - T
R E—
I1.1 ;1-1.2
1
0 1 x
Fig. 1. Subdivision

and calculating the Bernstein coefficients of the given polynomial
(1.1) on each subsquare. Here we mean by the Bernstein coefficients
bij(Q) of p on a rectangle Qgiven by (1.2) the Bernstein coefficients
of the shifted polynomial

n
p(x,y) = 1} cwa“n" , (E,n) €1 (3.12)
u,v=0
with
n n
e (S M TV s, ,ty_8-u_ t-v
c,y = =0 (y-y) szu tzv (D (x"y Vag, . (3.13)

The coefficients cuv of the shifted polynomial may be calculated by

a twodimensional complete Horner scheme. The process may be continued
by subdividing again each of the four subsquares into four subsquares
of edge length 1/4 and calculating the Bernstein coefficients on each
of the 16 subsquares and so on. Then the maximum (resp., minimum)
taken over the Bernstein coefficients of p on all subsquares is an
upper (resp., lower) bound for p over I.

We first give the explicit formulas for the Bernstein coefficients on
the four subsquares of an arbitrary square. By iterated use of these
formulas one sees that the Bernstein coefficients on the subsquares
generated by subdivision may be calculated successively from the
Bernstein coefficients on I. In particular, transformation of the sub-
squares onto I can be avoided. Then we show that the bounds converge
quadratically when subdivision is applied iteratively.

In the sequel we assume that the Bernstein coefficients of p are com-

puted for fixed k, and we suppress the upper index k.
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Proposition 2:
Let the rectangle Q be given by (1.2) and let & := (§+§)/2,

n = (X+§)/2. Then the Bernstein coefficients on the four subrectan-
gles are given by ((i,j) € K):

byy@h) = 27473 Sio tio G Deld e =1,2,3,4,
where

Bél) ; b_. (Q) on @' := [x,81x[y,n] ,

séi) = by, (@ on 0% := [£,XIxly,n] ,

Béi) = bs,k—t(Q) on Q3 = [x,£1x[q,y] ,

Bl = b @ on of = [eXIx[n,FI .

Proof: Similar as for subdivision in the univariate case [8].

For practical calculation of the Bernstein coefficients bij(Ql),
£ =1,2,3,4, one writes down the following four tables

(byg)e (By_y 5)s (b

Lx-y)r @

X=1,3 k-1,k=3

and then proceeds for each table similarly as in the calculation of
the Bernstein coefficients, cf. Section 3.2. The entries of the final
tables have to be divided by 2_i-j. We see that the bij(QE) are convex
linear combinations of the bij(Q). Therefore, we conclude that the
bounds calculated from the Bernstein coefficients on the smaller
rectangles are at least as good as those obtained by using the
Bernstein coefficients of p on Q@ and that the bounds are monotone when

subdivision is applied iteratively.
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We denote the subsquares of edge length 2™ generated by subdivision

of I (arranged in any specified order) by Im’2 , L= 1(1)4m.

Theorem 4:

If k > 2 the following relation hold for all m = 3,4,5,...
max bi.(Im'R) -m
(i,3)€K J
g=1(1) 4™ < e(k-1)k %n"2,
m- min bi.(Im'l)
(i,j)exk ]
2=1(1) 4"
where
i‘ ’z‘ s, t
€ = max (Y (Dla .1 .
p,v=0(1)n s=y t=y * v st
Proof: Let m be fixed and
max bi.(Im’z) = max bi.(Im'lo)
(1,3) €K J (i,5)ek I
2=1(1) 4"
Then by Theorem 3
m, % -2
max bij(I %) - max px,y)< vyk-1)k ’
(i,J)€K (X,y)EImllo
where
n-1
2 2
y = Z (u=+v7) lc |
=1 u+1,v+1
o 2
+ u£2 (u=1 " (e gl+ic ql+ley I+ley I,

and the cuv's are the coefficients of the shifted polynomial p (3.12).

Since by (3.13)

le 1 = e-2 V) ) €k

we get (we assume w.l.o.g. p # O)
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n-1 n-1
e 1 < 2—2m 5 (u2 +\)2)2 m(u+\))+2 m+1(1+2-m) ) u22-mu .
u,v=1 u=1

Because all summands on the right hand side are positive we may
estimate the sums by the respective infinite series. Making use of the
relation

T 2 3
} o owix" = x(1+x) (1-x)7° for Ix| < 1

we obtain

ve l < 274 (™) (12 T4 4 720 (g4 2(gpmy =3

m, -4

-2m+1 )

m

=2 (1+2™™ (1-2"

2T oMeqy (2™aq) T4,

]

The 1last term is less than m 2 for m > 3.
The proof for the minimum is entirely analogous.

Remarks: i) One shows similarly that subdivision in the univariate
case converges quadratically. This extends the results in [8].

ii) For the proof of quadratic convergence in the r-variate case
with r > 3 it is easier to use the rougher estimate

< 2 2
Y 2 ¢ )y (W] +eee+up)2
u1,---,ur=0

“m(uy H .ty

For the question of which subsquares can be discarded from the list of
further examination see Section 5.

3.4 Bounds for the range of a multivariate polynomial on the unit
triangle

In this section we consider the unit triangle
2
S := {(x,y) € R” |x,y > 0 A xty < 1}
instead of the unit square and address the question of finding bounds

for the range [m,m] of the bivariate polynomial p given by (1.1) on S,

i.e.,
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m= min p(x,y), m= max p(x,y).
(x,y)€S (x,y)€S
We set
d := max {u +v |auv # 0} , (3.14)

e.g., d = 2n if an # 0, d=nif auv = 0 for v > n-p. Let k > 4.
The index set K is now defined by

K := {(1,3) |1i,5 = o(Mk, i+ < k}.

Appropriate bivariate Bernstein polynomials are now given by ((i,j)€K):

(k 3

pif oy) = ()Y o KT

with the generalized binomial coefficients

k ) = —k'_ = (]f) (k'_'i),

Gy IT3T(k-1=3) 1 i Oy

Then on the unit triangle S we have again the Bernstein form (3.4)
with the Bernstein coefficients (3.5) but now with the convention that

pst) = (ukv)-1 for all (u,v) € K (3.3")

instead of (3.3).
For these Bernstein polynomials Theorem 2 remains true with the modi-

fication that in the case of equality max big) big)

€ {bég),bét),bég)}. Theorem 3 reads now (due to the fact that
1

= - =2 g1y~
8.y (Tr1) = =uv k"% (k=1

, min

, cf. the proof of Theorem 3):

Theorem 3':
The following bound holds for all k > 2
2

¥ -m, m- min b9 < (y+ia D x-DKTE,

max ‘s
1]

(i,5)ex T (i,3)€K
where y is given by (3.8).

Also, already calculated bounds may be improved similarly as for the
case of the unit square, cf. (3.9). The calculation of the Bernstein
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coefficients on I carries over to the Bernstein coefficients on S but
now only the upper left half of the difference table is needed. The
number of additions required is (k =n) d(d+1) (d+2)/3, where d is given
by (3.14). Formula (3.11) reads now ((i,j) € K):

(K) _ =T, o (k=1) . . (k=1) ey (k1) .
bys) = kTl byt i+ byl + (kmimd)byyT ] (3.11")
. (k=1) _ , (k=1) _ (k=1) _ e L
with b23700 = b)) =0, by} 0 if i+j = k.

Results on subdivision will be given elsewhere.

3.5 Symmetric coefficients

It is advantageous if the coefficients of p given by (1.1) are
symmetric, i.e., auv = avu, u,v = 0(1)n, because then the Bernstein
coefficients (on the unit square and the unit triangle) are also
symmetric and therefore the number of operations required for the
calculation of the Bernstein coefficients can about be halved. The
symmetry of the Bernstein coefficients on I carries over to the
Bernstein coefficients on the subsquares generated by subdivision but

in different forms. So we have for all (i,j) € K (cf. Figure 1)

p k) (g102) _ pk)

1,2 -
i3 s ah o =

(k) ,+1,2y _ . (k) 1,3
bij (T ) = bji (I )

and again the number of operations required can about be halved.

4. Bounds for the range of a multivariate interval polynomial

To guarantee the bounds obtained in Sections 2 and 3 in the presence
of rounding errors (entailed by computing with fixed length floating
point arithmetic) interval arithmetic, see, e.g., [1], should be
applied. In this section we address another question involving interval
arithmetic.

Assume that the coefficients a, of the polynomial p given by (1.1)

are not exactly known but can be located between upper and lower
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bounds (1.3). Then we have to consider the iZnterval polynomial

n
P(x,y) := )} A xy
u,v=0 Y

and it is required to find the range of P over the unit square I,
P(I) = {P(x,y) | (x,y) € I}. Clearly, p(I) < P(I) holds. Bounds for
P(I) can be obtained from (2.1), (3.6) simply by replacing the real
coefficients auv by the respective interval coefficients Auv and the
real arithmetical operations by the respective interval(afithmetical

operations. E.g., an enclosure of the Bernstein coefficients b is given by

i 3
a(K) _ y(K) (k) N < (k) . .
ij [Elj :b 1: SEO t£0 ( )( )o Agpr (i,3) € K; (4.1)
then max B.%) (r in bX)) ( 1 bound £
) esp., min b5 ) is an upper (resp., lower) boun or

max P(I) (resp., min P(I)). We do not go into the details here. How-
ever, special attention has to be paid to the overestimation entailed
by replacing real numbers by intervals. This concerns two problems

which we will discuss in the sequel.

1) In (4.1) each coefficient A gy oceurs only once in the calculation

of each B(g). It follows that the direct calculation by (4.1) is

n
optimal, 1.e.,there is a real polynomial p(x,y) = Z guvxuyv with
v

~ 12}
auv € Auv and Bernstein coefficients b(g) such that

max Sék) = max b %) > max P(x,y)
] + (x,y)€I
and analogously for min b(g).

An enclosure of the real Bernstein coefficients big) may also be

obtained by interval performance of the procedure using the difference
ét)Auv' In the calculation of
each entry of the resulting table some Auv's occur more than once. But

table, cf. Section 3.2, starting with o

this causes no overestimation because the real numbers by which the
intervals under consideration are multiplied are positive and therefore

the distributive law holds, see, e.g., [1, p. 3]. It follows that also

the difference table produces the coefficients Big)
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2) 1If the range of P over an arbitrary rectangle Q given by (1.2) is
wanted the interval polynomial has to be shifted to I. Then when re-
placing in (3.13) all real coefficients a N by the intervals A the
width of the B(k)(Q) could increase 51nceueach of the intervalst
occurs more thag once in the calculation of each B(g)(Q) But if gne
plugs (3.13) into (3.5) then the resulting double sum can be rearran-

ged as follows (for the univariate case see [16]):

. i
n min{s,n,i} o ()
¥ = ] a, ) x5V x-n Y e

J s, t=0 u=0 H ()
(4.2)

x min{t,n,3} , _ - (3)

(\,)z (y- y_) .

v=0 (V)

Now each real number a occurs only once in the calculation of each

uv

and replacing a by Ast in (4.2) gives an optimal formula, i.e..

st
the endpoints of the resulting intervals are Bernstein coefficients of

(k)
bij

real polynomials with coefficients taken from the interval coefficients.
However, this formula requires more calculations compared to (4.1).

Another way to avoid the overestimation entailed by the shift of the
original polynomial is to divide the given rectangle into (at most
four) rectangles lying in the four quadrants of IR2. On each of these

rectangles the two corner polynomials of P, i.e.,

4 () T~ t (2) uv
I a N My < ) @ vxuy“ < ] a 5 xMy
u,v=0 u u,v=0 u u,v=0 M
for all 3 €A with a'M,af?) ¢ a
v v v uv v

can be given explicitly, e.g. on [0,®)x(~»,0] we have

all 2 4 if v is even, = a if v is odd
uv =uv v

al® =7 if y is even, = a _ if v is odd.
uv uv Zuv

Then the problem of finding bounds for the range of the interval poly-
nomial P reduces to the problem of finding bounds for the range of at
most 8 real polynomials for which the shift to I can be done exactly
(except for small intervals in the coefficients of the shifted poly-
nomial due to the use of machine interval arithmetic).



5. An application

This paper was stimulated by a problem often arising in multidimensio-
nal system theory, namely to test a multivariate polynomial p for
positivity on a multidimensional rectangle, cf. [2 ; 3, Chapter 2, 17].
Such tests are often referred to as local positivity tests.

Computing the minimum of the Bernstein coefficients provides an alter-

native local positivity test. If min bik) > 0 for an integer k

(i,3)€K
then the positivity of p is guaranteed. On the other hand, if

min bfk)

(i,j)ex *J

+y(k-Dk™ % <0

then by Theorem 3, p assumes also nonpositive values.
If subdivision is applied iteratively one may reduce the computational

m,2

effort by the following two observations. Let I* = I be a subsquare

generated by subdivision.

i) If the polynomial p assumes its minimum over I* at one of the four
vertices of I*, then by Theorem 2

min pix,y) = min b, . (I*) €{b . (I¥), (I*) ,b, (I¥), (I*)}
erst 1Tk i3 00 (1) "Pyg ok bk

and there is no need to subdivide I* further. If furthermore

min b, (I*) = min bij(Im"L)
(1,5)€k I (1,3)€K
e=1(1)4"

then one already knows that

min p(x,y) = min p(x,y) .
(x,y)€I¥ (x,y)€X
ii) If
min b, (I*) > min bi.(f’“"L)+e(k—1)k'2m'2 (5.1)
(i,j)ek (i,j)exk I
2=1(1)4"

then I* may be discarded from the list for further examination since p

can not assume its minimum over I on I*. If equality holds in (5.1) I*
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may also be discarded since the range of p over I* makes no additional
contribution to the minimum of p over I.

Multivariate polynomials can be very sensitive to small perturbations
of their coefficients. It is therefore useful to know the allowable
intervals centered around the respective unperturbed values within

the coefficients of the polynomial might fluctuate without losing the
property of being positive for all x € R, This problem was solved in
[4 ; see also 3, Section 2.5].
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